A short review of the development of the Nambu-Jona-Lasinio (NJL) model is given. The SU (2) × SU (2) and U (3) × U (3) local quark NJL models are considered. The mechanisms of spontaneous breaking of chiral symmetry and vector dominance are shown. The local NJL model allows us to describe the mass spectrum and main strong and electroweak decays of the four ground-state nonets of pseudoscalar, scalar, vector and axial-vector mesons. Applications of this model to the description of mesons in hot and dense medium are discussed. It is shown that for solving problems connected with the description of the meson radial excitations and quark confinement it is necessary to consider a nonlocal extension of the NJL model. After 1986 this model gained popularity. In the following years more than six hundred papers devoted to the NJL model were published. Therefore, we cannot give here a full list of the corresponding references. We only note some authors who gave a noticeable contribution in this field of research.
Introduction
The NJL model was proposed in 1961, where the authors attempted to explain the origin of the nucleon mass with the help of spontaneous breaking of chiral symmetry [1] . The model was formulated in terms of nucleons, pions and scalar σ mesons. Remind that the fundamental theory of strong interactions, QCD, was not constructed at that time.
After 15 years this model was reformulated at the quark language by the Japanese physicists T. Eguchi and K. Kikkawa [2, 3] . It should be noted that it is supposed that all hadrons are formed from constituent quarks with mass m ≈ 300 MeV, whereas the QCD theory is based on more light current quarks with mass m 0 ≈ 5−7 MeV. In [2, 3] , it is shown that light current quarks turn into the massive constituent quarks due to spontaneous breaking of chiral symmetry. However, they only considered the quark NJL model in the chiral limit m 0 = 0. In this limit all masses of pseudoscalar mesons are equal to zero.
Starting from 1982 M.K. Volkov and D. Ebert with collaborators considered a more realistic version of the quark NJL model when m 0 = 0 [4, 5, 6] . It allowed them to describe the mass spectrum, internal properties, and strong and electroweak interactions of scalar, pseudoscalar, and vector meson nonets [7, 8] . In 1984, T. Hatsuda and T. Kunihiro applied this model to the description of hadrons in hot dense medium [9, 10] .
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.1 Pseudoscalar and scalar mesons
Firstly, let us consider the simple SU (2) × SU (2) NJL model. The corresponding chiral quark Lagrangian is L(q, q) =q(x)(i∂ x − m 0 )q(x) + G 1 2 (q(x)q(x)) 2 + (q(x)iτ a γ 5 q(x)) 2 ,
whereq(x) = {u(x), d(x)} are the fields of u, d antiquarks, m 0 is the current quark mass, G 1 is the four-quark coupling constant, τ a are the Pauli matrices, and γ 5 is the Dirac matrix. After bosonization the Lagrangian takes the form
where σ(x), π a (x) are the scalar and pseudoscalar meson fields. Effective meson Lagrangian can be obtained from Lagrangian (2) in one quark-loop approximation.
Here we can see that vacuum expectation value of pion field is equal to zero, whereas σ(x) has a nonzero vacuum expectation value σ 0 = σ 0 . Therefore, it is necessary to redefine this field in order a new physical field σ ′ (x) = σ(x) − σ 0 have a zero vacuum expectation value σ ′ 0 = 0. Excluding linear in σ ′ (x) terms from the Lagrangian we obtain gap equation
This equation describes spontaneous breaking of chiral symmetry. As a result, light current quark mass m 0 turns into massive constituent quark mass m. Note that all physical quantities in the NJL model are expressed through the quadratically and logarithmically divergent integrals I Λ 1 (m) and I Λ 2 (m)
These integrals are given in Euclidean space; N c = 3 is a number of quark colors; Λ is the cut-off parameter. It describes the region where spontaneous breaking of chiral symmetry takes place.
From the Lagrangian (2) the following expressions for the π and σ meson masses can be obtained
where g πqq = g σqq = (4I Λ 2 (m)) −1/2 are the meson renormalization constants that provide a correct coefficient in the kinetic terms for the meson Lagrangian. It is easy to see from eqs. (3) and (5) that the pion mass is proportional to the first power of current quark mass (Gell-Mann-Oakes-Renner relation). As a result the pion become the Goldstone particle with zero mass in the chiral limit m 0 = 0.
From the weak pion decay π → µν the Goldberger-Treiman relation follows:
where F π = 93 MeV is the weak pion decay constant [11] .
Vector and axial-vector mesons
The quark Lagrangian corresponding to the vector and axial-vector mesons is
After bosonization this Lagrangian takes the form
where ρ µ a , a 1 µ a are the fields of vector (ρ) and axial-vector (a 1 ) mesons. Note that in the description of vector and axial-vector mesons a gauge-invariant regularization must be used [7] . The quark loop with two vector vertices defines the kinetic term of the vector meson and renormalization constant of the vector field g ρqq . As a result, the simple relation between g σqq and g ρqq appears [3, 7] 
We obtain for the ρ-meson mass
The renormalization constant of the a 1 meson field g a 1coincides with g ρqq and the mass equals
π − a 1 transitions
In the NJL model there are quark loops with pseudoscalar and axial-vector vertices that describe π − a 1 transitions [7] . These transitions lead to nondiagonal terms in meson Lagrangian of the type √ 6ma 1 µ a (x)∂ µ x π a (x). In order to exclude these terms it is necessary to redefine the axial-vector field as
This leads to additional kinetic terms of the pions and to modification of the renormalization constant g πqq . Now this constant is not equal to g σqq
Numerical estimations
Let us define the model parameters. From eqs. (6), (9) , (13) we can define constituent quark mass thought the observables F π = 93 MeV, g ρqq = 6.14 (this value corresponds to the experimental width of ρ meson) and M a 1 = 1.26 GeV [11] 
Then
The parameter Λ can be found from the equation
G 1 and G 2 can be found from equations (5), (10) for pion and ρ-meson masses. Therefore, G 1 = 4.9 GeV −2 and G 2 = 16 GeV −2 . The value of the current quark mass m 0 is defined from the gap equation (3), m 0 = 3 MeV.
U (3) × U (3) NJL model
In order to introduce strange mesons in the model, it is necessary to replace the Pauli matrices τ i (i=1..3) by the Gell-Mann matrices λ i (i=0..8, where λ 0 = 2 3 1). Let us remind that the U A (1) problem exists connected with a correct description of masses of η, η ′ mesons. Indeed, by using the U (3) × U (3) symmetric Lagrangian we obtain "ideal" singlet-octet mixing for pseudoscalar isoscalar mesons. Then, one of these states contains only u and d quarks and the other state contains only the strange quark. This situation contradicts experimental data.
In order to solve this problem it is necessary to add the t'Hooft interaction to NJL Lagrangian [12, 13, 14, 15] . This interaction generated by instantons [16] . This six-quark interaction has the form
From this Lagrangian after the contraction of one of the quark pairs it is possible to obtain again a four-quark interaction. The most important role is played by the terms which describe the mixing of strange and u, d quarks. These terms allow us to describe realistical mixing of the singlet-octet components of the mesons instead of an ideal one and solve U A (1) problem. Now η, η ′ meson masses are in satisfactory agreement with experiment. Two additional arbitrary parameters appear in the U (3) × U (3) NJL model: the current mass of the strange quark m s 0 and the t'Hooft coupling constant H. We can define these parameters using kaon mass and ηη ′ mass difference. Then, vector meson masses K ⋆ and Φ, and their main strong decays K ⋆ → Kπ and φ → 2K are satisfactorily predicted [14, 15] .
A more complicated situation exists with the description of the mass spectrum of the scalar and axial-vector mesons. For the scalar mesons we can describe more or less satisfactorily isoscalar and strange meson masses and their strong decays [17] . Unfortunately, for the isovector meson a 0 we obtain a too small value for the mass(800 MeV instead of 980 MeV). The reason of that may be connected with the four-quark component of the a 0 -meson [18, 19, 20] . As concerns the axial-vector mesons, we can not satisfactorily describe their masses because their values are beyond the boundary of the model (this boundary is connected with the cut-off parameter Λ = 1.25 GeV).
The electroweak interactions are introduced in our model in a gauge-invariant manner on the basis of the original quark Lagrangian (1). This allows us to describe not only the strong processes (strong decays, ππ, πK scattering and so on) but also different electroweak processes such as e.-m. and weak decays, radii, polarizabilities, different rare processes(for instance η → π 0 γγ).
Vector dominance
After introducing e.-m. interactions in the NJL Lagrangian the photons can interact with the charged mesons only through quark loops. In contrast to the mesons, which are composite objects, the kinetic term for the photons is introduced independently into the Lagrangian (1). The allowance made for the quark loops leads only to renormalization of the electromagnetic fields and the charge. The part of the Lagrangian describing the electromagnetic interactions has the form
where
3)/2 is the operator of the quark charge. After calculation of the divergent self-energy diagram of the photon (Fig. 1a) , we obtain for L em the expression
Besides the self-energy diagrams involving the photon there are divergent diagrams of mixed type, describing the transitions γρ 0 , γω and γφ. (Fig. 1b ). The inclusion of these diagrams leads to the appearance in the Lagrangian of terms of the form
where ρ 0 µ ν , ω µ ν and φ µ ν are tensors constructed from meson fields and derivatives, similarly to eq. (19) .
As a result, the part of the Lagrangian that describes the electromagnetic interactions of the mesons and quarks takes the form
where V i µ are the fields of vector mesons. We diagonalize the kinetic terms by means of the following substitution of the fields:
The electromagnetic field and the charge e ′ are then renormalized as follows:
It is readily seen that as a result of the two renormalizations [ (20) and (25) ] the electric charge takes its original value. The final Lagrangian has the form
It is now easy to show that the photons can interact with the charged particles only through the neutral vector mesons. In this way, we have automatically obtained a model describing vector dominance. Under the sign of the logarithm, the term with photons has been completely absorbed by the vector mesons.
Meson in hot and dense matter
In the last few years the activity in search for a new state of matter, the quarkgluon plasma (QGP), has significantly increased. New data are already coming from running experiments on heavy-ion collisions at Brookhaven (RHIC) and CERN SPS. New facilities are planned to be constructed to increase our capability in this research (LHC, SIS-300). The QGP is expected to reveal itself through modified properties of hadronic reactions and their products.
The NJL model is a very convenient tool for investigation meson behavior in the hot and dense matter. First calculations of this type in NJL model were started in [9, 10] .
It is possible to use different methods for investigation of meson behavior in the hot and dense matter. The most popular one is the Matsubara technique [21] . This "imaginary time" formalism implies the replacement of the integration over the zero component of the momentum by the summation of frequencies
where ω n are the Matsubara frequencies, ω n = (2n + 1)πT for fermions and ω n = 2nπT for bosons; µ is the chemical potential and T is the temperature. However, for many applications it is more convenient to use an equivalent representation for the quark propagator derived in the "real time" formalism [22] S(p, T, µ) = (p + m) 1
is the Fermi-Dirac function for quarks, E = p 2 + m 2 . This leads to a different method for calculation of integrals I Λ 3 1 (m, T, µ), I Λ 3 2 (m, T, µ). First we performed contour integration in the complex p 0 plane and after that reguralized integrals by three-momentum cut-off Λ 3 . As a result, divergent integrals I Λ 3 1 (m, T, µ) and I Λ 3 2 (m, T, µ) take the form
We defined values of model parameters in vacuum using the same conditions as in Sect. 2.4 1 . Here we assume that model parameters G 1 , G 2 , m 0 and Λ 3 do not depend on T and µ. The dependence of m on T and µ is calculated from the gap equation. Then we calculate T and µ dependence of basic integrals I Λ 3 1 (m, T, µ) and I Λ 3 2 (m, T, µ). This allows us to define the dependence on T and µ of all physical quantities.
The behaviour of m(T ) is shown in Fig.2a . For m 0 = 0 the restoration of chiral symmetry is indicated by the vanishing of the order parameter m(T ) → 0 (or quark condensate) at critical value of the temperature T c . When m 0 = 0 the sharp phase boundary disappears. Figure 2b M σ , M ρ , M a 1 as function of T . As T increases the mass of the σ meson decreases sharply with the constituent quark mass. On the other hand, the mass of the pion will persistently stay constant until the critical conditions for chiral restoration are reached, beyond which it ceases to exist. M ρ is merely independent of T , whereas M a 1 shows a sharp decrease similar to that of M σ . Above the critical temperature one obtains M π = M σ and M ρ = M a 1 , as is expected for a chiral symmetric phase. In [23, 24] the value for critical temperature T c ≈ 200 MeV. In lattice recent QCD calculations the value for critical temperature T c ≈ 170 MeV [25] . Recently, very interesting results have been obtained from the investigation of strongly interacting quark matter in the color-superconducting phase. We do not consider here the diquark condensation and the related problems. The reader will find the details in [26] .
In conclusion, we would like to note that the properties of some particles can significantly change when approach to phase transition. The σ-meson, which in vacuum is a broad resonance may become very sharp resonance at particular temperature and chemical potential. When appropriate conditions are reached, this can lead to the amplification of some processes mediated by the σ-resonance, such as ππ → γγ, ππ → ππ etc. This amplification, if observed in heavy-ion collision experiment, can be interpreted as an event indicating on the approaching the QGP. also additional nonlocal Lagrangian L nonloc . In Lagrangian L nonloc , we introduce a form-factor for each quark-antiquark current
The form-factors F I (x; x 1 , x 2 ) can be written in a covariant form [27] . Here we do not discuss them in details, and only would like to remark the form-factors for the ground and first radially excited states can be given in a very simple form in momentum space,
where k is the quark-antiquark pair relative momentum and k ⊥ is the part of k transversal to the total momentum P
The step function, Θ(Λ 3 − |k ⊥ |), is a covariant generalization of the 3-dimensional cut-off in the NJL model. For d < −Λ −2 3 the form-factor f 2 (k ⊥ ) has the form of an excited state wave function with a node in the interval 0 < |k ⊥ | < Λ 3 . The form-factors (33) are the first terms in a series expansion in k ⊥ 2 ; the inclusion of higher radially excited states would require polynomials of a higher degree. The factor c describes the change in the strength of the four-quark interaction in the radially excited channels relative to the constant G 1 . This constant is defined from the mass of radial pion excitation M ′ π = 1300 MeV. The parameter d is defined from the condition 2
Now let us explain the meaning of this condition. Note that in this model we have two gap equations
In general, the solution of these equations would have σ 2 0 = 0; in this case the dynamically generated quark mass, − σ 1 0 − σ 2 0 f 1 (k) + m 0 , becomes momentum 2 Here, I n , I f n and I f f n denote the loop integrals with zero, one or two factors f (k ⊥ ) ≡ f 2 (k ⊥ ) in the numerator
dependent. Condition (36) leads to the trivial solution for the second gap equation and, as a result, we have only one nontrivial gap equation coinciding with the standard gap equation of the local NJL model. The free part of the effective action for pions takes the form
where K ab ij (P ) ≡ δ ab K ij (P ) and
To determine the physical πand π ′ -meson states, we have to diagonalize the quadratic part of the action. It can be performed with the help of an orthogonal tranformation of the fields π 1 , π 2 ; the details of this procedure can be found in [27] . We would like to note that after the expansion in a series of a small current quark mass m 0 (from eq. (40) M 2 1 ∼ m 0 ), one finds for the physical states
Thus, in the chiral limit, the effective Lagrangian indeed describes a massless Goldstone boson, the pion π, and a heavy pseudoscalar meson, π ′ . The ratio of the π and π ′ weak decay constants can be directly expressed in terms of the physical meson masses
It is worth noting that the matrix elements for a pseudoscalar meson and the divergence of the axial-vector current must vanish both for the pion and its radial excitation in the chiral limit. In the case of the pion, the matrix element is ∼ M 2 π and vanished in the chiral limit as M 2 π → 0. The situation is opposite in the case of radially excited state, there F π ′ → 0 in the chiral limit, while M π ′ remaining finite.
Here we discuss only pions. In [28, 29, 30] it is shown that this method can be extended to the chiral U (3)×U (3) group for pseudoscalar, scalar and vector mesons.
In the framework of this model the main strong decays of the radially excited meson were described [31, 29] . One of the most interesting results obtained in this model concerns the identification of nineteen experimentally observed scalar states for the masses 0.4 -1.7 GeV. These states can be interpreted in our model as two scalar nonets and a scalar glueball with the mass ∼ 1.5 GeV [32] . The first nonet consists of the ground state mesons with the masses between 0.4 -1 GeV. The second nonet consists of radially excited scalar mesons with the masses 1.3 -1.7 GeV. Four scalar states and scalar glueball are mixed, as they have the same quantum numbers.
Nonlocal NJL model and quark confinement
The NJL models have two main defects. They contain ultraviolet (UV) divergences and do not provide quark confinement. Usually, UV divergences are removed by using the cut-off parameter Λ taken at an energy scale of the order of 1 GeV. The physical meaning of this cut-off is connected with the separation of the energy-momentum region, where spontaneous breaking of the chiral symmetry and bosonization of quarks takes place. In order to exclude unphysical quark-antiquark thresholds from amplitudes of different processes only lowest powers of momentum expansion of quark loops are usually used in the NJL models.
These drawbacks of the standard NJL model can be solved only in the framework of nonlocal models. There are many different nonlocal versions of NJL model (see e.g. [33, 34, 35, 36] ). Here we demonstrate one version of nonlocal models which is motivated by an instanton interaction [37] . Similar models are considered in [38, 39, 40] .
The SU (2) × SU (2) symmetric action with the nonlocal four-quark interaction has the form
The nonlocal quark currents J I (x) are expressed as
where the nonlocal function f (x) is normalized by f (0) = 1. In (43) the matrices Γ I are defined as Γ σ = 1, Γ a π = iγ 5 τ a , Γ µ a ρ = γ µ τ a , Γ µ a a 1 = γ 5 γ µ τ a . After bosonization the scalar field σ will have nonzero vacuum expectation value. In order to obtain a physical scalar field with zero vacuum expectation value, it is necessary to shift the scalar field. This leads to the appearance of the nonlocal quark mass m(p 2 ) instead of the current quark mass m 0 which can be found from the gap equation
where m(0) is the dimensional parameter which plays the role of the constituent quark mass. The quark propagator takes the form
We use one of the simplest ansätz for the dynamically generated quark propagator. In the spirit of [33, 41] we demand that pole singularities are absent in the vector part of the quark propagator
The expression for m(p) is found to be:
The mass function m(p 2 ) depends only on one free parameter Λ, has no any singularities in the whole real axis and exponentially drops as p 2 → ∞ in the Euclidean domain. From eq.(45) it follows that nonlocal form factors have a similar behavior providing the absence of UV divergences in the model. At p 2 = 0 the mass function is equal to the cut-off parameter Λ, m(0) = Λ. From the gap equation we find the relation between the four-quark coupling G 1 and the nonlocality parameter Λ
Moreover, the expression for pion renormalization constant has a simple form
where ζ is the Riemann zeta function. In the chiral limit one has two arbitrary parameters Λ, G 2 . We fix their values with the help of the weak pion decay constant F π = 93 MeV, and ρ-meson mass M ρ = 770 MeV. By using the Goldberger-Treiman relation g π (0) = m(0)/F π one finds Λ = m(0) = 340 MeV. This simple model leads to reasonable predictions for the σ-meson mass M σ = 420 MeV and strong decay ρ → ππ Γ ρππ = 135 MeV.
Nonlocal model, in contrast with the local NJL model, can be successfully used for the description of not only the constant part of amplitudes of meson interactions but also of the momentum dependence of amplitudes at small energies. It is worth noting that in the nonlocal model the relative contributions to the pion form-factor F γ * π + π − and pion radii from the contact diagrams and diagrams with vector mesons as intermediate states have reasonable values [42] . In the nonlocal model the contribution of vector mesons is noticeably smaller than that of the contact diagrams in contrast with the local NJL model where these contributions are comparable [43] . The vector-meson diagrams play a very important role in the description of the pion form-factor F γ * π + π − in the time-like region. These diagrams allow us not only to describe the ρ-meson resonance but also to obtain a correct behavior of the process form-factor in the region below 1 GeV.
Conclusion
Once more emphasize that when the first version of the NJL model was proposed, the fundamental theory of strong interactions QCD did not exist. Therefore, that time different versions of the phenomenological hadron models were used for description of low-energy hadron physics, whereas the description of hadron interactions at large energies was very problematic. However, after the construction of QCD and the discovery of the phenomenon of asymptotic freedom it became possible to describe an interaction of hadrons at large energies by means of perturbation theory. The perturbation theory is applicable only for energies larger than 1 GeV when the strong coupling constant is smaller than unity. Therefore, for description of the low-energy region the usage of different phenomenological models is again needed.
One of the most attractive models of that kind is the NJL model. The basis of the model is the chiral symmetry of strong interactions(as in QCD). The region of applicability of this model supplements the QCD perturbation theory. The joint application of both the QCD theory and the NJL model allows us to consider the whole energy region of the strong hadron interactions.
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